In this paper, the constitutive relationship of an aluminum alloy reinforced by silicon carbide particles is investigated using a new method of double multivariate nonlinear regression (DMNR) in which the strain, strain rate, deformation temperature, and the interaction effect among the strain, strain rate, and deformation temperature are considered. The experimental true stress-strain data were obtained by isothermal hot compression tests on a Gleeble-3500 thermo-mechanical simulator in the temperature range of 623-773 K and the strain rate range of 0.001-10 s
Introduction
Recently, particle-reinforced metal matrix composites (MMCs) have been recognized as an important class of engineering materials for their unique comprehensive mechanical, physical, and thermal properties (Ref [1] [2] [3] [4] . Among all these MMCs, SiC p /Al composite materials have particularly received much attention in the automotive, electrical, and aerospace industries because of their prominent advantages such as low cost and flexible manufacturing methods . Due to the presence of SiC particles, the properties of SiC p / Al composites at room temperature have been improved; however, the materialÕs plastic property is reduced, and damage and fracture readily occur at room temperature. Further investigation has found that their plasticity at high temperature is excellent and the material is often used at elevated temperatures. Moreover, the hot deformation mechanism and the flow behavior of Al-based composites are quite different from those of the unreinforced monolithic alloy (Ref 11, 12) . However, very limited efforts have been made to predict the elevated temperature flow behavior of SiC p /Al composites. Therefore, a comprehensive study of the hot deformation behavior of SiC p /Al composites is essential.
The metal plastic process (hot rolling, forging, and extrusion) depends on various parameters including the constitutive relation, the shape of the workpiece and product, the forming speed, etc. Among these parameters, the constitutive relation is one of the most important parameters that affect the solution accuracy, and it is represented in a wide range of working conditions in mathematics for the relationship between the flow behavior of materials and the strain, strain rate and the deformation temperature. Meanwhile, numerical methods such as finite element (FE) simulation have recently been successfully applied for the analysis of various metal-forming processes (Ref [13] [14] [15] . A constitutive equation is used as the FE input code for simulating the response of materials in specified loading conditions (Ref 16, 17) . Therefore, the accuracy of the numerical simulation largely depends on the accuracy of the deformation behavior of the material which is being represented by the constitutive equation (Ref 18) .
During the dynamic deformation process, the material undergoes several metallurgical phenomena such as work hardening, dynamic recovery (DRV), and dynamic recrystallization (DRX) (Ref 19, 20) . Compared with static plastic deformation which can be treated as an isothermal process, a high strain rate deformation process is quasi-adiabatic, so that the heat cannot escape and stays where it is generated. Thus, the process will raise the temperature and affect the mechanical formability because most alloys soften with increasing temperature. For the same reason, the heat generated by plastic deformation in a region of high strain also has a detrimental effect on the mechanical formability (Ref 21, 22) . And, during the dynamic deformation process, the heat generated in the large strain, high strain rate processing is of benefit to the process of thermal softening, such as DRV and DRX, which has significant influence on the flow stress. Therefore, an accurate description of flow stress incorporating temperature, strain, and strain rate is essential.
For the past few years, many research groups have made great efforts to develop constitutive equations of materials, and on the whole, the Johnson Cook (JC) model (Ref 23) 
where r 0 is the initial yield stress of material under current testing conditions and f e ; f _ e , and f T are the influence factors of the strain, strain rate, and deformation temperature, respectively. However, the major and minor relationship of the influence factors is a relative distinction; the neglected secondary factors can simplify the analysis process in establishing the constitutive equation, but it will decrease the predicted accuracy of the constitutive equation.
Based on the OVCM and considering the coupled effects of deformation temperature and strain rate, deformation temperature and strain, the double multivariate nonlinear regression (DMNR) method is proposed. To obtain the constitutive equation of SiC p /Al composites based on DMNR, hot compression tests are conducted on a Gleeble-3500 thermomechanical simulator at a wide range of temperatures (623, 673, 723, and 773 K) and strain rates (0.001, 0.01, 0.1, 1, 5, and 10 s À1 ).
Experimental

Material and Experimental Procedures
The experimental material was an Al matrix composite reinforced by 15% silicon carbide particles and was prepared Table 1 and the alloy in the matrix is standard. Figure 1 shows the original microstructure of the material and demonstrates that the average SiC particle size was approximately 12 lm. Cylindrical specimens were 10 mm in diameter and 15 mm in height. The isothermal compression tests were carried out on a Gleeble-3500 thermal simulator. To reduce friction and to make the specimen deform uniformly during the test, both ends of the specimens were coated with graphite powder and a foil of tantalum was positioned between the surface of the specimen and the anvils. The compression temperature, which was the temperature of the specimens, ranged from 623 to 773 K, at an interval of 50 K, based on the real hot working temperature range of SiC p / Al matrix composites, and the imposed constant true strain rates were 0.001, 0.01, 0.1, 1, 5, and 10 s À1 (Ref 11) . To obtain curves of true stress-strain, the load-displacement data were 
recorded automatically. After deformation, the specimens were quenched immediately in water to preserve the hot deformed structures. The specimens after the experiment are shown in Fig. 2 (a) and the microstructure after the experiment is shown in Fig. 2 (b). The final deformation was approximately 53%.
Experimental Results
The experimental flow stress curves of the 15% SiC p /Al composites at different deformation temperatures and various strain rates are shown in Fig. 3 , which reflect the influence of the deformation temperature, strain, and strain rate on the flow stress. Every curve exhibits a sharp increase at the initial stage of the stain and subsequently increases to a peak value, after which the curves display a different changing trend with the varying strain rate. At strain rates of 0.001, 0.01, and 0.1 s
À1
, the flow stress is in a state of steady equilibrium; at strain rates of 5 and 10 s
, increasing the strain slightly decreases the flow stress. The flow stress at a strain rate of 1 s À1 is different from the others. Comparing Fig. 3 (a), (b), (c), and (d), it is observed that the higher the deformation temperature, the lower the corresponding flow stress.
Due to different deformation mechanisms, there are two typical forms of flow stress-strain curves, and the sketch map is shown in Fig. 4 . Curve a is the DRV form which considers DRV to be the only softening mechanism. The flow stress will gently approach the saturation flow stress r s with the increasing of the strain; on the other hand, when DRX occurs during high temperature deformation, the shape of the flow stress-strain curve will be similar to curve b, which drops after the peak flow stress r p and then achieves a steady flow stress r ss (Ref 36) . Comparing Fig. 3(a) , (b), (c), and (d), the softening behavior has clearly changed with the variation of the strain rate, and with the increase in the strain rate, the softening mechanism changes from DRV to DRX.
Double Multivariate Nonlinear Regression (DMNR)
As shown in Fig. 5 , x i are the test factors, i ¼ 1; 2; 3 . . . n; h j are the analysis factors, j ¼ 1; 2; 3 . . . m; y represents the flow 
. . x n ð Þ ; and x j and x ij are the converged weights. The mapping relationship between the analysis factors h j and the objective function y described as f j = f[h j ] is a contribution function, which is acquired by the nonlinear regression based on the test data scatter plot, and weights x j are acquired using the multivariate nonlinear regression based on the least-square algorithm. Therefore, the construction method for constitutive equation could be called DMNR. The so-called double nonlinear regression refers to the nonlinear regression of the contribution functions f j and the objective function y. The 
. . x n ÞÞ is established as a pan-complex function relating to analysis factors h j and test factors x i .
As for the constitutive equation for elevated temperature deformation of SiC p /Al composites, if the independent factors strain e, strain rate _ e , and deformation temperature T are the test factors x 1 , x 2 , and x 3 , then h 1 (x 1 ) = e, h 2 x 1 ; x 2 ð Þ¼e=_ e, h 3 x 2 ð Þ ¼ _ e, h 4 x 2 ; x 3 ð Þ¼T ln _ e, h 5 (x 3 ) = 1/T, and h 6 (x 3 , x 1 ) = 1/Te are determined as the analysis factors of strain item, time item, strain rate item, the interaction item between temperature and strain rate, temperature item, and the interaction item between strain and temperature, respectively.
After determination of all the analysis factors mentioned above, taking the mean stress value of each analysis factors, the contribution function f j could be obtained by the nonlinear regression based on the test data scatter plot, where
The regression of the contribution function f j according to the test data list shown in Table 2 takes test factor x 1 and interaction item x 2 x 3 as a sample and the assumption that there are three levels for each factor, that is to say there are nine factors in all, x 11 , x 12 , x 13 , x 21 , x 22 , x 23 , x 31 , x 32 , x 33 . The mean stress value of h 1 (x 1 ) at different levels could be acquired as follows:
where rðe j ; T i ; _ e k Þ is the flow stress obtained from the experiment.
The mean stress value of h 4 (x 2 , x 3 ) at different levels could be acquired as follows:
Using this method, the effects of other factors could be removed, and then f e could be obtained by fitting rðe j ; T i ; _ e k Þ Àe j . Using the same method to obtain f e ; f eÀ_ e ; f _ e ; f _ eÀT ; f T , and f TÀe can also be determined. After determining all of the contribution functions f j mentioned above, the constitutive equation based on the DMNR method could be acquired in the following process.
Based on the analysis about the relation between the analysis factors h j and the regression function y, equation 2 can be modified as
where
Taking the logarithm of both sides of Eq 5,
ðEq 6Þ
In the method of DMNR, f i represent the relationship of a single analysis factor and the stress r, but establishing the integrated constitutive equation, the contributions made by f i are different and the contribution could be expressed as converged weights x j . So, Eq 6 can be modified as Table 6 The relationship between the slope m 3 and e As for the SiCp/Al composite alloy, the constitutive equation can be expressed as
where A, a, b, c, d, e, and f are material constants relating to the initial yield stress and converged weights under the experimental condition.
The SiC p /Al compositesÕ classification of the test factors and analysis factors according to independent factors, interactive factors, and levels is shown in Table 3 .
Determination of SiC p /Al CompositesÕ
Constitutive Equation
Determination of the Contribution Functions f i
Taking the average flow stress under different strains, a scatter plot of r À e, as shown in Fig. 6 , could be obtained, and a sixth-order polynomial function is employed to fit the variation trend of the scatter plot with a good correlation and generalization. The sixth-order polynomial function of r À e is r ¼ À1213:310e 6 The contribution function f e of the independent factor e can be described as Taking the average flow stress under different strain rates, the scatter plot of ln r À ln _ e could be obtained, as shown in Fig. 7(a) . By using linear regression for the data points, the relationship of ln r À ln _ e is shown in Fig. 7(b) , and the linear slope is 0.14246. In Fig. 7(a) , the slope has changed sharply at a strain rate of 1 s
À1
. To obtain a fitted curve reacting to the objective law of the experimental data, the slope m 1 is expressed as a function of _ e which is shown in Fig. 7(c) , and the relation between them is expressed as follows:
ðEq 12Þ
Taking the exponentiation of both ln r and ln _ e and neglecting the constant coefficient, the contribution function f _ e of the independent factor _ e is obtained. So, f _ e could be expressed as Taking the average flow stress under different temperatures, the scatter plot of ln r À T , as shown in Fig. 8(a) , could be obtained. In Fig. 8(a) , the same law with the prior is noticed. Then, the relationship between the slope k 1 and temperature T is shown in Fig. 8(b) , and k 1 is expressed as
À36 expðT =8:36765Þ þ 2270:776: ðEq 14Þ
Taking into account the exponentiation of both ln r and k 1 /T, the contribution function f T of the independent factor T could be described as where R is the universal gas constant (8.314 J/mol K), and the apparent activation energy Q calculated by the following equation:
where m is the slope of the Fig. 7 (b) and m = 0.14246. So, Eq 17 could be modified as
þ 132172:060: ðEq 18Þ Figure 8 (c) shows the curves of the apparent activation energy Q and the deformation temperature T based on Eq 18.
The relationship between the flow stress and the interaction effect between strain and deformation temperature is illustrated in Fig. 9(a) . The fitted linear slopes k 2 at different strains are given in Table 4 , and the scatter plot of k 2 under different strains is shown in Fig. 9(b) , using linear regression for the scatters. The expression for the slope k 2 is
Then, the contribution function f eÀT of the interaction factor e À T can be described as
Taking k 2 into Eq 20, f TÀe could expressed as Fig. 13 The relationship between r and e 
where R is the universal gas constant (8.314 J/mol K), and Q could be calculated by the following equation:
Taking the parameter m = 0.14246 into Eq 20, Q could be expressed as follows:
ðEq 23Þ
Taking each slope in the table into Eq 20, the scatter plot of Q À e is shown in Fig. 8(c) .
The relationship between the flow stress and the interaction effect between the strain rate and deformation temperature is illustrated in Fig. 10(a) . The fitted linear slopes m 2 at different temperatures are given in Table 5 , and the scatter plot of m 2 at different temperatures is shown in Fig. 10(b) . Using nonlinear regression for the scatters, the expression for the slope m 2 is Then, the contribution function f T À_ e of the interaction factor T À _ e can be described as f TÀ_ e ¼ ð_ eÞ
The relationship between the flow stress and the interaction effect between strain and strain rate is illustrated in Fig. 11(a) . The fitted linear slopes of ln r and ln e=_ e under different strains are shown in Table 6 , and the scatter plot of m 3 at different strains is shown in Fig. 11(b) . Using linear regression for the scatters, the relation between the slope m 3 and strain could be expressed as
Then, the contribution function f eÀ_ e of the interaction factor e À _ e could be described as f eÀ_ e ¼ ðe=_ eÞ 0:02401eÀ0:1542 : ðEq 27Þ
f eÀ_ e is the function of e=_ e , the physical meaning of which is time, so f eÀ_ e is the time term and it indicates the effect of time on the flow stress.
Determination of the Converged Weights x j
Taking the logarithm of both sides of Eq 10,
ðEq 28Þ
The present study explores least-squares regression with the independent variables ln f e ; ln f _ e ; ln f T ; ln f eÀT ; ln f _ eÀT ; ln f eÀ_ e and the dependent variable ln r obtained in this test, as multivariate regression (MR) analysis is a highly flexible system for examining the relationship of a collection of independent variables to an independent dependent variable.
Through the MR test using the SpSS software, the converged weights could be determined easily, and the result is shown in Table 7 . In the table, B is the correction coefficient; VAR00001 stands for ln r (r is the experimental data), VAR00002 is ln f e ð Þ,
and VAR00007 is ln f eÀ_ e ð Þ. It is shown that the linear correlation is quite excellent. Then, the correction coefficient A and the contribution weight a, b, c, d, e, and f, as shown in Table 8 , could be obtained. Taking the parameters of A, a, b, c, d, e, and f into Eq 10, the constitutive equation of SiC p /Al composites at elevated temperature could be obtained.
Verification of Constitutive Model
The predicted flow stress from the modified constitutive equation based on DMNR for elevated temperature flow behavior of the aluminum alloy reinforced by 15 vol.% silicon carbide particles is shown in Fig. 12 . The predictability of the model is quantified in terms of the correlation coefficient (R) and average absolute relative error (AARE). R is a commonly employed statistical parameter and provides information on the strength of the linear relationship between the experimental and predicted data. However, a higher value of R may not necessarily imply better performance of the model because of the tendency of the equation to be partial to higher or lower values. The AARE is calculated via a term-by-term comparison of the relative error in the prediction to the actual value of the variable. Thus, the AARE is an unbiased statistic for measuring the predictive capability of a model. And, it is obvious from its definition that the smaller the AARE values, the better the model performance and vice versa (Ref 41) . These values are calculated as follows:
where E is the experimental data and P is the predicted value. " E and " P are the mean values of E and P, respectively. N is Fig. 15 The relationship between r and e Table 12 The value of correction coefficient and the material constants obtained by multivariate linear regression
the total number of the selected flow stress data points in the current study. The R and AARE in this model are 0.98 and 7.8%, respectively.
Discussion
In Fig. 12 , it was observed that the data from the theoretic calculations coincide well with those of tests at the strain rate of 0.001, 0.01, and 0.1 s
À1
, but at strain rates of 5 and 10 s
, the predicted data were not ideal. To get better agree with the experimental data, some adjustments based on the strain rate should be made. In Fig. 3 , it is clear that the changes in trend vary with the strain rate, so the constitutive relationship should be discussed by dividing into two parts according to the strain rate, with one for strain rates of 0.001, 0.01, 0.1, and 1 s À1 and the other for strain rates of 5 and 10 s À1 . In Fig. 12 , it could be observed that the predicted data have greatly changed with the strain, so that when adjusting the constitutive mode, only the relationship between flow stress and strain has been changed. Using the same method with Eq 13, the scatter plot which is shown in Fig. 13 could be obtained and a third-order polynomial is found to fit the variation trend of the scatter plot with a better correlation and generalization. The fourth-order polynomial function of f e À e is expressed as ðEq 31Þ
Through the MR test using SpSS, the result is shown in Table 9 . The correction coefficient A and the contribution weight a, b, c, d , e, and f are shown in Table 10 . The values of R and AARE in this model are 0.9865 and 6.0%, respectively. The predicted flow stress from the strain-adjusted constitutive model is shown in Fig. 14. 
Constitutive Relationship at the Strain Rates of 5
and 10 s
À1
Applying the same method with Eq 10, a scatter plot could be obtained, as shown in Fig. 15 , and a fourth-order polynomial is employed to fit the variation trend in the scatter plot. The fourth-order polynomial function of f e À e is expressed as Through the MR test using SpSS, the result is shown in Table 11 . The correction coefficient A and the contribution weight a, b, c, d, e, and f are shown in Table 12 . The values of R and AARE in this model are 0.9860 and 3.0%, respectively. The predicted flow stress from the strain-adjusted constitutive model is shown in Fig. 16 .
Through the observation of Fig. 13 and 15 , it is found that the data for theoretic calculations coincide well with those of tests at all strain rates.
Conclusions
Isothermal compression tests were employed on a Gleeble-3500 thermo-mechanical simulator to investigate the hot deformation behavior of SiC p /Al composites in the temperature range of 623-773 K and strain range of 0.001-10 s
À1
. The following conclusions were drawn:
(1) A modified constitutive equation based on DMNR was proposed to take into account not only the independent factors of processing parameters but also the interaction factors between them. (2) The DMNR was based on the test data scatter plot that did not need a specific constitutive form in advance. (3) Based on the change in the strain rate, the accuracy of the model has been changed. In Fig. 3 , the softening mechanism of SiC p /Al composites changed with the strain rate, which changes from DRV to DRX with increasing strain rate. (4) The softening behavior of SiC p /Al composites has changed with the strain rate, so the separate constitutive model acquired based on the strain rate is more accurate than the monolithic constitutive model.
